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Tutorial: Shaping the Spatial Correlations of Entangled Photon Pairs
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1School of Physics and Astronomy, University of Glasgow, Glasgow G12 8QQ, UK
2Sorbonne Université, CNRS, Institut des NanoSciences de Paris, INSP, F-75005 Paris, France
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Quantum imaging enhances imaging systems performance, potentially surpassing fundamental
limits such as noise and resolution. However, these schemes have limitations and are still a longyway
from replacing classical techniques. Therefore, there is a strong focus on improving the practicality
of quantum imaging methods, with the goal of finding real-world applications: With this in mind,
in this tutorial we describe how the concepts of classical light shaping can'be applied to imaging
schemes based on entangled photon pairs. We detail two basic experimental ‘configurations in which
a spatial light modulator is used to shape the spatial correlations of a photon pairstate@and highlight
the key differences between this and classical shaping. We then showcase twortecent examples that
expand on these concepts to perform aberration and scattering correction’ with photon pairs. We
include specific details on the key steps of these experiments, with the,goal that this can be used as
a guide for building photon-pair-based imaging and shaping experiments:

I. INTRODUCTION

Quantum imaging is the field of optics that aims to
exploit the quantum properties of light to improve the
performance of imaging systems [1]. Among the exist-
ing non-classical sources of light, those that emit pairs of
entangled photons have proven to be particularly fruit-
ful. For example, imaging with sensitivity below the
shot-noise limit [2] and with resolution beating classi~
cal diffraction [3, 4] were both achieved with photon
pair states. In addition, these sources also €nabledrthe
development of new imaging modalities. Examples in-
clude ghost imaging [5], imaging with, undetected phe-
tons [6], entanglement-enabled holography.[7] and Hong-
Ou-Mandel microscopy [8].

Thanks to recent technological advancements, photon-
pair-based imaging systems have become relatively sim-
ple to implement. Firstly, entangledsphoten,pairs can be
produced using spontaneous parametric/down conversion
(SPDC) [9]. This is a non-linear optical process that con-
verts a single, high-energy photon, called the pump, into
two lower energy photons, traditionally called the signal
and idler. It does not require,complex’laser systems or
highly specialised non-linear crystals. For example, many
experiments — like théyone presented here — use stan-
dard room-temperature-S—Barium Borate (BBO) crys-
tals and a blue diode laser with.a power of a few tens of
milliwatts. Then, another factor that adds to the ease
of implementation is' the reécent advent of commercial
single-photonésensitive ‘cameras. Paired with advanced
image processing techmiques, these cameras enable the
detection of pheton coincidences across many transverse
spatial positions simultaneously — a key measurement
when working with entangled photon pairs. For exam-
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ple, eleétron-multiplying charge-coupled devices (EMC-
CDs)(and single-photon avalanche diodes (SPADs) cam-
eras_have enabled the measurement of intensity corre-
lations fanctions i.e. the G for photon pairs across
thousands af spatial modes [10-13]. Despite this recent
progress; the low brightness of SPDC sources (i.e. tens
of picowatts) and long acquisition times (e.g. sometimes
up to several hours) still restrict their application to the
laboratory environment and specific niche areas.

Besides generation and detection, it is also important
to control how photon pairs and their characteristics (e.g.
correlations) propagate within the optical system. For
example, spatial light modulators (SLMs) can be placed
in the pump beam or the photon pairs path to ma-
nipulate their spatial properties. They enable tailoring
of the spatial entanglement between photons propagat-
ing in free space by manipulating their orbital angular
spectrum [14-20], by shaping momentum-position cor-
relations [21-23] or by tuning the pump spatial coher-
ence [24, 25]. In addition, they can also be used to control
photon pair propagation through complex media such as
multimode fibers [26-28] and scattering layers [29-32].
These efforts are mainly directed towards applications in
communication and information processing.

Though less explored, such control can also be of inter-
est for quantum imaging. Indeed, if we consider the clas-
sical domain, light structuring has many applications in
imaging, particularly in microscopy [33]. Examples range
from structured illumination microscopy [34], which aims
to improve imaging resolution by illuminating the sample
with specifically tailored pattern of light, to adaptive op-
tics [35] and wavefront shaping [36], which use an SLM
to correct for optical aberrations and scattering, with
applications also for contrast-enhanced and quantitative
phase imaging [37, 38]. It is therefore interesting to see
how we could apply these concepts to quantum imaging
and it is within this context that this tutorial is written.
Here, we describe two basic experiments that both use
an SLM to shape the spatial correlations between entan-
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gled photon pairs. We detail their practical implemen-
tation and highlight their differences from their classical
counterparts. Additionally, we show examples of applica-
tions that illustrate the practical uses of this two-photon
shaping, including a case in imaging. We also include de-
tailed descriptions of many of the key steps in this work
in the Supplementary Material (S.M.), and provide ex-
ample code in Ref. [39].

II. EXPERIMENTAL SETUP

When shaping spatial correlations between pairs of
photons, two experimental configurations can be consid-
ered. These are called the far-field (FF) and near-field
(NF) shaping configurations, named for the position of
the SLM relative to the nonlinear crystal. Note that in
other works the configurations may instead be named for
the position of the detector relative to the crystal. Fig-
ures la,b shows schematics of these two configurations.
In both cases a nonlinear crystal, a thin g-Barium Borate
(BBO) crystal, is illuminated by a continuous-wave (CW)
pump laser at 405nm. This produces pairs of photons at
810nm via Type I SPDC. Immediately after the crystal,
the pump photons are filtered out using a 650nm-cut-off
long-pass filter, allowing only the photons of higher wave-
lengths generated by SPDC to propagate through'the
system. In practice, it is common to also include a short-
pass filter in the pump beam’s path before the crystal
(not shown). This filter removes residual low-frequency
light emitted by the laser, typically found at the out-
put of blue diode lasers. After propagating through the
system, the pairs are detected with an‘EMCCD camera,
and the spatial correlations are measured following the
method described in Ref. [12] (see also Methods). In
both configurations, the pairs are controlled by a spatial
light modulator that is positioned inva Eourier plane of
the camera. A bandpass filter at 810/ 10nm is used
to remove ambient light and most non-degenerate pairs.
Due to the phase matching¢eonditions.in the SPDC pro-
cess, the photons at the plane of the crystal are strongly
correlated in transverse pesition (r) and strongly anti-
correlated in transverse/momentum (k) [40]. Both of
these types of correlations can be exploited, hence the
two experimental configurations.

The FF shaping/configuration is shown in Figure la.
As suggested by the name, the SEM is positioned in a
Fourier plane of the erystal /and its surface is imaged on
the EMCCD Since the pairs are correlated in position
at the crystal plane, they are also correlated in position
at the camera, so they arrive at approximately the same
pixel. Eigure 1c shows an example of the intensity at the
camera. The shape of this is mostly dependent on the in-
tensity profile of the pump. Figure 1d shows the so-called
minus-coordiniate projection of the measured G(? of the
photen pairs. The way this is measured is detailed in the
Methods section. It represents the probability of detect-
ing both photons of a pair simultaneously on two pixels

2

of the camera separated by a distance (9. — x1,y2 — y1),
expressed in pixels. This type of measurément is essen-
tial when working with entangled photon pairs because
it provides information about the spatial correlations be-
tween the pairs, something that an intensity image alone
does not provide. A bright, narrow peak, as seen in the
figure, indicates that the pairs are strongly.correlated in
position. This means that, whem.one photon in a pair
is detected at a position (z1,y1), there is a high proba-
bility to detect its twin within a very small area around
this pixel (22, y2) =~ (z1,y7)r Forithe measurement of the
data shown in Figure/d, the SLM>did not display any
phase mask.

The NF shaping eonfiguration is shown in Figure 1b.
Here, the SLM is positioned in an conjugate plane to
the surface of the erystal, and the Fourier plane of the
crystal is imagedronto the'camera. Now, due to momen-
tum conservation i the SPDC process, the pairs arrive
at the camera at diametrically opposite pixels, relative
to the centre ofithe/beam. Figure le shows an example
of the'intensity at the camera. Here, the typical SPDC
ringscan be seen» The thickness of this ring is propor-
tional to,the bandwidth of the pairs, and the radius is
dependent on the angle between the pump optical axis
and/the normal to the crystal surface. Figure 1f shows
the so-called sum-coordinate projection of the measured
G . The method of measuring this projection is also
explained in the Methods section. It represents the prob-
ability of detecting two entangled photons at any pair of
pixels of the camera (z1,y1) and (z2,y2) with a given
barycenter value (z1+ x2,y1 +y2). For example, the cen-
tral value of the sum-coordinate projection corresponds
to the sum of all coincidence rates detected between pairs
of pixels with a barycenter at (0,0), which means all
the pairs of pixels that are exactly anti-symmetric i.e.
(z2,y2) = (—z1,—y1). In our experiment, the presence
of an intense peak at the center indicates strong spatial
anti-correlation. This means that when a photon from a
pair is detected at a position (z1, y1), there is a high prob-
ability that its twin will be detected within a very small
area around the symmetric pixel (x2,y2) &~ (—z1, —y1).
No phase mask was displayed on the SLM to perform
the measurement shown in Figure 1f. Finally, it is also
important to remember that each configuration captures
a different optical plane of the crystal on the camera. In
FF-shaping configuration, it is the crystal surface, while
in NF, it is the Fourier plane. This explains the slight
difference in intensity shapes shown Figures 1c and e.

III. INTENSITY AND CORRELATION
SHAPING THEORY

In this section we will describe the theory behind two-
photon correlation shaping and compare it to classical
shaping. When comparing classical and quantum imag-
ing, it is useful to work with the spatial intensity corre-
lation functions, specifically, the first and second order
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FIG. 1. Experimental Setup. Spatially entangled photon pairs centred at 810nm are produced via Type I spontaneous para-
metric down conversion (SPDC) using a collimated (0.8mm diameter), continuous-wave laser at 405nm and a thin f—Barium
Borate nonlinear crystal (NLC). Pump photons are filtered out by a(long-passifilter (LP) at 650nm. A bandpass filter at
810 + 5nm before the single-photon sensitive camera filters out any<non-degenerate pairs. a, Diagram of a far-field shaping
configuration (FF) . The surface of the NLC is imaged onto the camera using two 4-f relays (f1 — f2 and fs — f4). The spatial
light modulator (SLM) is placed in the Fourier plane, or far-field, of the erystal.;In this configuration, the photons are correlated
at the camera, and anti-correlated at the SLM. b, Diagram of a near-field shaping configuration (NF). The Fourier plane (FP)
of the NLC, obtained via the lens f1, is imaged into the,camera with two 4f relays (f2 — fs and fa — f5). The SLM is placed
in the conjugate plane to the surface of the NLC. In this eonfigurations‘the photons are anti-correlated at the camera, and
correlated at the SLM. c,e, Direct intensity images from the camera in the FF shaping (c) and NF shaping (e) configurations.
d, Minus-coordinate projection of the measured G® in the\FF eonfiguration. f, Sum-coordinate projection of the measured
G®@ in the NF configuration. c¢,d are from an acquisition of 2.5 x 10° frames. e,f are from an acquisition of 6 x 10° frames.
M - mirror.
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functions G and G [41]. The quantities we measurer  correlation function of the field as:

in experiment can be written in terms of these, and they

can also be used to derive expressions(for propagation
through an optical system.

First we introduce the relevant aneasured quantities,
and how they are written in terns of G and G,
When imaging and shaping with classical coherent light,
the quantity we measure with.the camera is the intensity
of the electric field, I(r) = |[£(2)/*>. This can be written
in terms of the first-order spatial correlation function of
the field as:

I(r) =GO, 1) (1)
= (B (DB (r), (2)

where E(Mdand BG)uare the positive and negative
frequency componentdof the quantum operator associ-
ated with the electric field, respectively. In practice, the
intensity(is conventionally measured using a camera by
accumulating photons on each pixel.

When working with photon pairs, the quantity that in-
terests us the most is the second-order spatial correlation
funetion of the intensity, G®)(r1,ry). This is also often
referred as the joint probability distribution of the pho-
tons. It is written in terms of the second-order spatial

G (rq,r3) = (BT (1) EC) (r2) EP) (1) E) (12)).
(3)

The G describes the field correlations and the
second-order correlation function can be seen as the
intensity-correlation analogue of this. In practice, it is
measured by detecting photon coincidence between pairs
of spatial positions r1 and ra. As detailed in Ref. [12],
it can also be reconstructed by measuring the intensity
covariance between pairs of pixels on a camera. Assum-
ing we have pure two-photon states, G (ry,rs) gives
the probability of simultaneously detecting two photons
from a pair at positions r; and rp. This quantity is
related to the spatial two-photon wave function ¢, as:
G@(ry,r2) = |¢(r1,r2)|?. In this way, ¢ is to G in
the two-photon case as the field F is to I in the case of
coherent light.

Since we want to see how we can shape the distribu-
tions I and G, it is useful to know how they propagate.
Any linear system can be described by its coherent point-
spread function (PSF). Given the PSF, written h(r’,r),
the correlation functions can be propagated through any
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linear system as:

G (re'r2) :/G(l)(rl,rz)h*(rl',rl)
h(r2’7 rz)drldl‘z (4)

and

G(Q) (rllﬂ r2,7 r3l7 r4/) = / G(Q) (rla rs,rs, r4)h’* (r1l7 rl)
x h* (I‘zl, I‘z)h(l‘gl, I‘3)h(1‘4’, I‘4)dI‘1dI‘2dI‘3dI‘4. (5)

For example, let’s consider the two experimental con-
figurations described in Figures la and b (NF and FF
shaping). In both cases, the camera is positioned in a
Fourier plane of the SLM. Since the action of the SLM
is to impart a phase profile, §(r), onto the beam, the
PSF associated with the propagation between the SLM
(shaping plane) and the camera (detection plane) can be
written as

2mirr’

2

where f is the focal length of the lens immediately after
the SLM, X is the wavelength of the light being used,
r and r’ are the transverse coordinates in the SLM/and
camera plane, respectively. Note that in each configura-
tion there are in reality several lenses performing a mag-
nification in addition to the Fourier transform, which can
be taken into account by changing the effective value. of
f in the previous equation.

h(r',r) = exp [— + i9(r)} , (6)

A. Shaping coherent light

For a perfectly spatially coherent source, e.g. /a laser,
the first-order correlation functionds given by

G (r1,r2) = B (ro)d(rs), (7)

where E(r) is the electric“field, at position r in the
SLM plane and * denotesdthe complex'conjugate. Thus,
from equations 2 and 4,/ the intensity after propagation
through the system is given by

2

Teon () = \ [ Bt ar ®)

Using equation 6 and simplifying, we obtain the intensity
at the camera

. 2 r
Teon(u) = | F ()] « F 7] | <fA> G
where F[...J'isithe 2-dimensional Fourier transform, and
% denotes the 2-dimensional convolution operation. This
is the expected result from Fourier-optics and says that
the field measured at the camera is simply the (scaled)

4

Fourier transform of the phase mask on the SLM. The in-
tensity correlation function for a coherent source is sim-

ply
Gg))h(rla 1‘2) = coh(rl)Icoh(r2)~ (10)

For coherent light, G canl thus be fullyreomputed from
the intensity measurements and therefore does not con-
tain any additional information.

B. Shaping entangled photon pairs

Now let’s consider a_twe-photon state. In the input
plane i.e. the SLM plane, we can write our state in the
position basisdas

@) = //¢(r1,r2) |r1,r2) dridra, (11)

where ¢(ryyra) 1s the two-photon wavefunction ex-
pressed in the position basis, ry and ro are the transverse
pesitionshin the SLM plane for photon 1 and photon 2
respectivelygln our case, both photon have the same po-
larisation and spectral frequency. This results from the
pair generation process that we have chosen to use in
our experiments, which is Type I SPDC. In this simpli-
fied notation, |ry,rz) = [r1); ® |rz), denotes the state
in which photon 1 is at position r; and photon 2 is at
position ry. The G for such a state is given by

Gletrire) = [0 (rnotanar. (2)

and the direct intensity is then

Dpairs(r1) = / |p(ry,1)|? dr. (13)

Additionally, one can compute the second-order field cor-
relations as:

G (Y12, 5,14) = ¢ (r1,r2)p(rs,xa),  (14)

giving the intensity correlations:

G;()i)irs(rla rz) = |¢(I'171‘2)|2' (15)
Using equations 4 and 5, Ip,qirs and Gz(fl)irs can be ex-
pressed in the camera plane:
2
Ipai'rs(rll) = / ’/¢(r1,r2)h(r1',r1)dr1 dr27 (16)

and

2

bl

G;i)i,,.s(l‘l/,rgl) = ‘/qﬁ(rl,m)h(rl',rl)h(rzl,rz)drldrz
(17)
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FIG. 2. Shaping the two-photon correlations in a far-field shaping (FF) configuration. A phase grating (a) is
displayed on the illuminated region of the SLM. Line plot shows & single row ofthe grating. Red dashed circles are illustration
of approximate position of SPDC ring on the SLM. Grating width is'exaggerated for illustrative purposes. The actual period
used in acquisition was 75 pixels. b, Magnitude of correlation peaks as/a function of grating lateral offset 5. Crosses are
data points, solid lines are sine fits. Data is normalised forreach orderfindividually to allow better visual comparison. c-e,
Minus-coordinate projections of G® for 8 = 0 (c), B = 35 pixels,(d), and 8 = 70 pixels (e) peaks (cropped). Correlations for

each grating offset are from an acquisition of ~ 1.8 x 10° frames.

where r1’ and ro’ are the transverse positions in the cam-
era plane, ¢(rq,rs) is the two-photon wavefunction in the
SLM plane and h is the PSF.

Now we consider the two shaping configurations shown
in Figures 1la and b. In both casesgthe Mmaging system
from the SLM to the camera, h/is thé same (up to a
different magnification factor), but, the input states are
different. We start with the,configuration/of Figure 1la.
Here, the SLM is positioned in'the Fourier plane of the
crystal. In our experimentalyconditions the collimated
pump beam diameter is much larger than the crystal
thickness. Therefore, sve can assume that photon pairs
are near-perfectly anti=eorrelated/in the plane immedi-
ately before the SLM [42]. " That is, the wavefunction
d(r1,r2) = ¢p(r1 = ra)d(r1'+ ra)ywhere ¢ is the am-
plitude envelope-of the twosphoton wavefunction in the
crystal Fourier plane. Tt'is linked to the intensity mea-
sured in the SLM plarie as I(r) = |¢o(r)|?. In practice, it
takes the shape of a disk or a ring, as shown in Figure 1.e,
and its/spatial phase is assumed to be uniform. After
performing the change of variables ry = (r1 +r2)/2 and
r_ = (r1 =r2)/2, the intensity correlation in the camera
plane can be expressed as

G, (1) = f[aﬁo(r)]*f[ei"’(k)HQ (%) (18)

where (k) = 0(k) + 6(—k) and all global constants are
omitted for clarity.

Now we consider the configuration in Figure 1b. Here
we are imaging the crystal plane onto the SLM. Since
we have thin crystal and a large pump diameter, we can
assume that the photon pairs are perfectly correlated, i.e.
¢(r1,r2) & Po(r1 +1r2)0(r1 — r2) [42], where ¢ is the
amplitude envelope of the two-photon wavefunction in
the crystal plane. It is linked to the intensity measured
in the SLM plane as: I(r) = |¢f(r)|?. In practice, it takes
the shape of the pump beam, as shown in Figure 1.c, and
its spatial phase is assumed to be uniform. Then, the
intensity correlations at the camera are given by

2 /
G2ttt =[Pl 7 [e20] [ (22 ).

(19)
By performing a similar propagation calculation with
Gé?im? we find that the intensities on the camera plane
are spatially uniform in both configurations and do not
depend on the phase displayed on the SLM i.e. Ipgirs(r’)
is a constant. Thus, as would be the case for a perfectly
spatially incoherent source, the SLM does not modulate
the intensity measured in the Fourier plane. This near-
perfect spatial incoherence is indeed observed experimen-
tally and is a consequence of our experimental conditions,
specifically the use of a collimated pump with a diameter
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much larger than the thickness of the crystal. By chang-
ing the crystal and the illumination conditions [43], it
would be possible to work in an intermediate regime with
partially spatially coherent light, allowing modulation of
both the intensity and the intensity correlations.

Comparing equations 9, 18 and 19 we see that the
spatial intensity correlations can be shaped in a man-
ner that is almost equivalent to spatial intensity shaping
in the classical case. Under our experimental conditions,
F[E(r)], Flgo(r)] and Fgg(r)] are very sharply peaked,
and can therefore be approximated as Dirac Delta func-
tions. This allows for the simplification of the equations
to focus on the role played by the SLM:

o Classical: Iop = |F [!®™)] ,27

e Pairs - FF shaping: G2 = |F [¢™(®)] |27

pairs

. . - 2
e Pairs - NF shaping: G;(fz)irs = |.7-" [6’29(1”)” .

Interestingly, with entangled photon pairs we find that
depending on the configuration, the shaping behaves
slightly differently. In the case of FF shaping, we see
that the phase on the SLM affects the projection in the
form of the function 1 (r) = 6(r) + 6(—r). This suggests
that what shapes the spatial correlations is effectively the
SLM mask plus a spatially inverted version of the mask.
In the case of NF shaping, we see that the projection 18
affected by a 20(r) phase term, i.e. the pairs {seelasphase
that is double that of the actual mask on the SLM.

IV. RESULTS

We now show how to experimentally measure and mod-
ulate the photon-pair G, following eq}ations 18 and
19. For this, we perform shaping experiments using the
FF and NF configurations shown in Figures la and b,
respectively.

From a practical standpoint, ityis important to first
clarify a key aspect regarding the measurement of the
spatial G that we perform. The.G? is measured us-
ing the approach described. in Ref. [12] and in Methods.
This quantity takes(the form of‘a four-dimensional ma-
trix. To visualize fit, we project it, into two-dimensional
images as seen in'examples in Figures 1d and f. De-
pending on whether wesuse the FF or NF configura-
tion, we perform projections onto the minus- or sum-
coordinates, respectively. These projections are formally
defined agspatiallaverages of the measured G(? function:
C(r_) = [ G@)(r_,r )dr_ for the minus-coordinate
projection, and C*(ry) = [(G@(r_,r )dr_ for the
sum-coordinate projection, where G is expressed here
using,the variables (r;,r_) and S is the integration area.
As seen in equations 18 and 19, these projections follow
the Symmetries of the measured G®) that we expect in

6

cach configuration:
O (r-) o |F [ ‘2 (F) (20)
CH(ry) o | F [e20)] f (NF) (21)

These projections effectively réveal the spatial modula-
tion of G(®), which is what weraim to.0bserve, while max-
imising the signal-to-noise gatio in the measured signal.
In practice, this spatial averaging reduces the acquisition
time needed to resolve the correlations from several hours
to just a few minutes.

Figure 2 shows thewresults for/the FF shaping configu-
ration, where we are imaging the near-field of the crystal
on the camera (Fig.<1a).  As a simple demonstration,
we use a 7/2-modulated phase grating pattern, shown in
Figure 2a. According 40 equation 18, the photon pairs
in this system ‘see’ theractual grating plus a spatially in-
verted versions, Therefore, if §(r) + 8(—r) = const, then
we expéct to see no modulation of the minus-coordinate
projection. To'demonstrate this, the grating is displayed
on the SLM and translated laterally, measuring C'~ at
eachhlateral shift. Figure 2b shows the values of each
diffraction osder as a function of lateral shift. If the grat-
ing/is positioned such that one of the steps is at the centre
of the SPDC beam, then we have ¢(r) = 7/2 = constant
and we expect no modulation in the ideal case. Figure 2c
shows the minus-coordinate projection measured in such
a case. Even though we do not observe a complete ex-
tinction of higher orders, mainly due to the fact that
the phase pattern is not perfectly asymmetric, in prac-
tice the measurements in Figure 2a confirm that these
higher orders are minimized while the zero order is max-
imized. Instead, if the grating is positioned 1/4 of a grat-
ing period away from this, then we get ¢(r) = 26(r), and
the correlations should be maximised in the first-order
diffraction peaks. This can be seen in Figure 2d. At the
intermediate grating positions, 1 (r) contains higher fre-
quency components, and we observe second-order diffrac-
tion peaks. Furthermore, it’s interesting to note that
replicating this experiment with classical coherent light
would not yield any change in the intensity-measured
diffraction pattern. Indeed, a lateral shift in the phase
pattern in the Fourier plane would only influence the spa-
tial phase component of the diffraction pattern, which the
camera is not sensitive to.

According to equation 19, we expect a different phe-
nomenon in the case of the NF shaping configuration
(Fig. 1b), where we are now imaging the Fourier plane
of the crystal on the camera. As before, we display a
phase grating on the SLM (Fig 3a) but, since we instead
have the 26(r) phase term, lateral translation will have
no effect on C*. Instead, we vary the amplitude of the
phase grating o from 0 to 27 radians, and measure CT at
each step. Figure 3b shows the values of the diffraction
orders at each grating amplitude. As a comparison, we
also performed the same experiment using classical co-
herent light and recorded the first-order diffraction peak

Page 6 of 13
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FIG. 3. Shaping the two-photon correlations in a near-field shaping (NF) configuration. a, Phase grating displayed
on the illuminated region of the SLM. Line plot shows a single row.of the grating. b, Magnitude of correlation peaks as a
function of grating amplitude «. Crosses are data points, solid/lines are sinusoidal fits. Data is normalised for each order
individually to allow better visual comparison. Classical data (purple) has stale of intensity, rather than correlations. c,d
Sum-coordinate projections of G for grating amplitude a = 7/6 (€), a = 7/2 (d) and a = 27/9 (e). Correlations for each
grating amplitude are from an acquisition of ~ 5 x 10° frames. For detail$ on the acquisition of the classical data, see S.M.

intensity in function of « (pink curve). As. expected,
it follows a sinusoidal pattern reaching its maximumyat
a = 7. In the case of entangled photon pairs, we see
the oscillation but, since C*(dr, ) is modulated by twice
the phase mask, the frequency of this oscillation is dou-
bled. Figures 3c-e show examples of the sum-coordinate
projections measured for a equals to 7 /6, /2 and\27/9,
respectively.

Comparing these results, one can sun}narize that in
the NF-shaping configuration, the modulation of corre-
lations is visualized according to thefspatial coordinates
(z1 + x2, y1 + y2) (i.e., photons are anti=€orrelated) and
depends on twice the phase programmed on the SLM i.e.
20(r). In the FF-shaping case,showever, it is visualized
using the minus-coordinates (z1 =2, y1 —y2) (i.e., corre-
lated photons) and depends on the' phase programmed on
the SLM plus its symimetric counterpart i.e. 6(r)+60(—r).
Finally, it is important{to note that in the two exper-
iments described, the/ntensity images measured on the
camera do not.change regardless of the phase pattern dis-
played on the SLM: they remain the same as that shown
in Figures 1c and e.

In light of these results, it is interesting to discuss the
physical interprétation of such a G® shaping demon-
stration, in particular using the corpuscular picture. By
modulating G, we effectively change the joint prob-
ability. of detecting both photons of a pair at two spe-
cific camera pixels. However, we achieve this without
changing the probability of detecting a photon at a given

camera pixel (i.e. the marginal probability), since the in-
tensity remains uniform. For instance, in the case of Fig-
ure 2d, the probability has been modified in such a way
that the photons no longer arrive on the camera strongly
correlated in position; instead, they are now forced to be
separated from each other by a distance defined by the
period of the phase grating programmed on the SLM. In
essence, this means that we can control the collective be-
haviour of photon pairs without changing their individual
behaviour.

V. APPLICATIONS

In this section we show two examples of experiments
that use these concepts of two-photon shaping. The
first is the method of quantum-assisted adaptive optics
(QAO), as reported in Ref. [44]. In this work the spa-
tial correlations of entangled photons are exploited to
gain information about the optical aberrations within an
imaging system. Effectively, the central value of the sum-
coordinate projection is used as a guidestar to implement
an adaptive optics (AO) scheme. The key result under-
pinning this is effectively an extension of Equation 19. In
the low-aberration (i.e. non-scattering) regime, the sum-
coordinate projection directly encodes the point-spread
function of the system via

Ct(ory) o< |h*h|?, (22)
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FIG. 4. Examples of applications of two-photon shaping.a-d Example 1: Adaptive optics with entangled photons. The
sample, a mosquito pupa, is illuminated with photon pairspand imaged onto an EMCCD camera. The direct intensity (large
grayscale images) and sum-coordinate projection (inset images) are measured. A layer of transparent polymer (polydimethyl-
siloxane) placed after the sample is used to introduce aberratioms, which distorts the intensity images and projection. An
optimisation algorithm is used to find the phase mask on an SLM that maximises the projection central value, which also re-
stores imaging performance. The SLM is positioned in'the conjugate image plane of the crystal (i.e. NF shaping configuration).
A detailed experimental setup can be found in Ref:\[44]. a, Reference intensity and sum-coordinate projection of G® images
with no aberrations present. b, Intensity and projectiomimages in the presence of aberrations. c, Intensity and projection
images after the projection peak has been‘optimised. d Example phase mask retreived by optimising the projection peak. e-h,
Example 2: Entanglement transmission throughsa scattering medium. A thin scattering medium is placed in the Fourier-plane
of a BBO crystal. The transmission matrix of this medium is measured using a classical beam, and is used to compute a
correction mask displayed on an SLM in [a conjugate plane to the scatterer and the crystal surface (i.e. NF shaping config-
uration). Without the scatterer, the spatialientanglement of the pairs can be verified. With the scatterer, the entanglement
can no longer verified. Applying the correction on.the SLM allows measuring entanglement again after the scattering medium.
d, Sum-coordinate projection witholit thefscatter. e, Sum-coordinate projection of G® in the presence of the scatterer. f,
Sum-coordinate projection with the scatterer and after correction. h, Example phase mask retreived by inverting the classically
measured transmission matrixy A detailed experimental setup can be found in Ref. [30]

where * denotes the convolution eperation. This means
that if we can find thegphase mask on an SLM that op-
timises CT, it will alse-optimise/h and restore imaging

the long acquisition times typically involved in quantum
imaging experiments.
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performance. Figure 4a-¢ shows results of an AO exper-
iment using this QAO snethod. The experimental setup
used to obtain these results is the same as that described
in Ref. [44], where the SLM is located in an image plane
of the crystal, and thé camera is positioned in a Fourier
plane (i.e. NF shaping configuration). This approach is
interesting because, unlike many classical AO methods,
it does not rely‘on choosing a good image metric and
the performance/is independent of the sample structure.
Additionally, it should be noted that the quantum cor-
relations only need to be used as an optimisation target
and the actual imaging can be fully classical, avoiding

In some imaging systems, aberrations become so com-
plex that we enter in the regime of light scattering. Cor-
recting optical scattering using classical light is a complex
task [45, 46] and it becomes even more challenging when
using photon pairs. Indeed, each photon of the pairs is
scattered in random directions, causing them to lose their
correlations. Since these correlations are at the core of
photon pair-based quantum imaging, preserving them is
essential for these systems to function. This situation is
explored in Ref. [30], which we show here as an example.
In this work, the authors propagate a two-photon state -
identical to that generated in the experiments shown in
Figures la and b - through a scattering medium (parafilm
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layer). The SLM is located in an image plane of the crys-
tal, and the measurement is performed in a Fourier plane
(i.e. NF shaping configuration). The experimental setup
is described in full detail in Ref. [30]. As we can see in
the sum-coordinate projections shown in Figures 4d.e.,
the strong spatial correlations between the pairs mea-
sured in free-space (Fig. 4d) are lost in the presence of
the scattering medium (Fig. 4e).

To restore the correlations, the authors leverage the
concepts of transmission matrix based wavefront shap-
ing, introduced in Ref. [46]. The transmission matrix, T,
is the discrete version of the point-spread function. In
this formalism the two-photon state Wi" is propagated
with matrix multiplications. For a system with an SLM
followed by the scattering medium, we have:

Ut = TDY™ DT, (23)

where D is a diagonal matrix representing propagation
through the SLM and ¥°%“ is the matrix associated with
the two-photon state at the output. In this method, the
transmission matrix is first measured classically using a
coherent light source at 810nm, the same wavelength as
the photon pairs. Then, once the transmission matrix
is known, it can be used to compute a phase mask for
the SLM that negates the effects of the scattering layer.
This, in turn, restores the spatial correlations of the pairs.
Figures 4e show the sum-coordinate projection measured
after applying the correction mask on the SLM.

Both of these methods aim to recover spatial correla-
tions by correcting for optical aberrations. Tn the first
example, the correction is found by directly optimising
the quantum correlations. This is possible because it
targets the case when the aberrations are low-order (i.e.
smooth), meaning the correlation signal (€'F)ean be re-
solved in a relatively short time (~ 2/minutes). »If the
aberrations become sufficiently high-order so that there
is scattering, as is the case with the econdsexample, then
the acquisition times become prohibitive. Therefore, the
correction is found via a classical transmission matrix
measurement instead.

CONCLUSION

In summary, we/have shown how the spatial correla-
tions of an entangled two-photonistate can be shaped
with both a theoretical description and an experimental
examples. Structuring such correlations is very similar
to shaping intensity with classical light, but with some
important_differences./Depending on the position of the
SLM relative to theerystal (i.e. the spatial basis in which
we modulate thé phase of the photons, position or mo-
mentum);the photon pairs ‘see’ a different version of the
phase mask displayed on the SLM. For an SLM located in
themposition basis (i.e. conjugate plane to the crystal sur-
face), correlations are modulated according to twice the
phase mask. For an SLM positioned in the momentum
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basis (Fourier plane of the crystal), they are modulated
by the combination of the phase mask and its spatial in-
verse. We demonstrate this experimentally, showing that
there are in fact cases where we see no modulation of the
correlations even when a non-flat phase mask is displayed
on the SLM.

In this tutorial, correlation images were measured us-
ing EMCCD (Figs. 2, 3 andg4a-c)and SPAD, (Figs. 4e-
g) cameras. Although these cameras are routinely used
for such measurements, they are not without limitations.
Indeed, to enhance image SNR. and acquisition speed,
it is important to carefully consider their characteristics
(noise, quantum efficieney, fill factor...) when designing
experiments and reconstruction algorithms [47-50] (see
Methods for details). Additionally, it is worth mention-
ing that recently developed single-photon sensitive cam-
eras, including time-stamiping [51] and photon-number-
resolving cameras [52]y have the potential to accelerate
acquisitions and further enhance correlation image qual-
ity.

The aim “ofy this article is to introduce spatial
correlation-shaping between entangled photons with a
simple example that has a well-known classical analogue.
We provided the necessary technical details for readers
to replicate the described experiments. We believe that
these simple experiments can be expanded to inspire new
methods of quantum imaging, much like what has been
done in the examples shown in Figure 4.
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METHODS
A. Details on the experimental setup

The experimental setup is depicted in Figure 1. The

pump is a collimated continuous-wave laser at 405nm
(Coherent OBIS-LX) with an output power of 200mW
and a beam diameter of 0.840.1 mm. The BBO crystal
has dimensions 0.5 x5 x5 mm and is cut for Type I SPDC
at 405nm with a half opening angle of 3 degrees (New-
light Photonics). The crystal is slightly rotated around
the horizontal axis to ensure near-colinear phase match-
ing of photons at the output. A 650 nm cut-off long
pass filter is used to remove the pump photons after the
crystal. This is important, as the pump can cause fluo-
rescence in the subsequent lenses. A band-pass filter at
810 + 10nm selects near-degenerate photon pairs. The
SLM is a PLUTO-NIR-15 from Holoeye. It is a liquid-
crystal-on-silicon device with a resolution of 1920x1080
pixels, and a pixel pitch of 8um. The beam radius on
the SLM is approximately 2.4mm, corresponding to 300
pixels. The EMCCD is the model iXon Ultra 897 from
Andor, which has a resolution of 512x512 pixels'with _a
pixel pitch of 16pum. The camera is operated with a re-
gion of interest (ROI) of 100 x 100 pixels.
Far-field shaping configuration. In Figure la, for
clarity, lens f; is depicted as a single lens; however, in
reality it represents three lenses arranged in the confocal
configuration 50 mm - 150 mm - 100 mm. The first’ lens
is positioned 50 mm after the crystals and the last lens
is situated 100 mm before the SLM. Lenses fo — f; each
have a focal length of 100 mm, with 45 placed 100 mm
after the SLM and f4 placed, 100 mm before the camera.
Near-field shaping configuration. In Figure 1b,
for clarity, lenses f; and fo-are depicted as two lenses;
however, in reality it represents four lenses arranged in
the confocal configuragion 45 mm - 75 mm - 50 mm -
150 mm. The first lens isypositioned 45 mm after the
crystal, and the lagt lens is situated 150mm before the
SLM. Lenses f3, fi and{fs have afocal length of 100 mm,
50 mm and 75 mm, réspectively, with f3 placed 100mm
after the SLMfand f; placed 75 mm before the camera.

B. Measurement G®, C~ and C*

In each, experiment of our work, we measure the
spatially-resolved second-order intensity correlation func-
tion,G(?), and then use it to compute the sum and mi-
nus coordingte projections. G takes the form of a 4-
diménsional matrix containing (N, x N,)? pixels, where
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N, x Ny corresponds to the region of the sensor used to
capture data. An element of the matrix is written Gglll,
where (i,7) and (k,1) are pixel labels.corresponding to
spatial positions (x;,y;) and (zx, y;){ Assuming that the
two-photon state detected by thedeamera is pure, Gg,)d
can be obtained directly by aneasuring the covariance ma-
trix, as detailed in Ref. [12].Suchha matrixis.measured by
acquiring a set of M + 1 framies, denoted {I(l)}le[[l,M+1]]v
using a fixed exposure timesof 0.002s and then processing
them using the formula:

M
@ _ 1 O ;@) 70 p(1+1)
Gz’jkl M Z [Iij L — Iij Iy } . (24)

=1

The first term_in the sum /is the covariance matrix be-
tween a frame and itself and corresponds to an estimate
of the real coincidenees from photon pairs. The second
term is theé covariance matrix between a frame and a sub-
sequentframe. »Since we know the true pairs will never
be detected across two different frames, this corresponds
to am estimate of accidental coincidences coming from
uncorrelated photons being detected in the same frame.

L

Sincethe EMCCD camera cannot resolve the number
of photons incident on a single pixel, the photon coin-

cidences at the same pixel cannot be measured, and so
]
the neighbouring values. Ggf,ll is a discrete version of
the continuous second-order intensity correlation func-
tion G (r1,r2) = |p(r1,r2)[? where ¢ is the spatial
two-photon wave-function associated with the photon
pairs. Such a formalism has been employed in many
studies describing the propagation of entangled photon
pairs [42, 53, 54]. Then, all the coordinate projections

can be computed from G?). C~(r_) is defined as

the corresponding values G are set to the mean of

¢ )= [ G rer i (25)

where G(f )is G® expressed using the variables (ry,r_),

such that G(f)(rur,r_) = G®(ry,r2). Using the vari-
ables (rq,r2), the equation becomes:

C(r_) = / G?(ry,ry — 2r_)dry. (26)

Similarly, C*(ry) is defined as:

Ct(ry) = / GP (ry,r_)dry (27)
= /G(Z)(r,2r+ —rq)dry. (28)

In the manuscript, we use indifferently G(ﬁ ) and G® for
clarity. In practice, C'~ is calculated using the discrete-
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variable formula:

Cij-= ZZGE?zi*)(j—j*)ij’ (29)
i=1 j=1
and C using:
N, Ny
Citj* - Z Z GE?J)rfi)(jJrfj)ij' (30)
i1 j=1

C. Example of G® Measurement in Practice

The previous section gives a mathematical description
of a G measurement, but it is also useful to have a
more practical description.

For simplicity, let us assume that we have N, = N, =
N so each frame contains N2 pixels. A typical acquisi-
tion requires around 10 million frames. It is not practi-
cal - and normally not even possible - to store this many
frames for each acquisition, so instead we break the pro-
cessing down into smaller blocks and continuously sum
the results of each block. The real and accidental coinci-
dence terms from Equation 24 are computed separately
and the subtraction is done after the acquisition. /The
m*" block results in two N2 x N? arrays correspond-
ing to these terms, called R("™) and A(™) respectively.
These are summed for each block to get the final arrays
so that R = 3 R and A = Y A {and'finally
G® =R - A

The following is a step by step breakdown of the ae-
quisition procedure:

1. Initialise empty N2 x N? arrays dorresponding to
R and A. R™ and A will be added to these
arrays after each block, then discarQed.

2. Fill the camera’s internal buffer/with'frames and
download them as a block tothe processing com-
puter.

3. When the buffer hagibeen emptiéd begin the next
acquisition to fill the buffer. At the same time,
begin the processing on the most recent block of
frames. See following for details on processing.

4. Add R and A t6 R and A and delete the
current block of frames from memory.

5. Return'to Step 24and repeat until the required num-
ber of frames have been processed.

6. Finally, compute G® = R — A and, if required,
compute CF or C~ from G,

The processing for each block is done as follows. For
thewn'” block of M frames, labelled 1™ will be in the
form of an'IN? x M array where each column is a frame
that' has been unwrapped into a 1-dimensional vector.
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From this, R("™) can be computed via an outer product.
In practise, this is simply a matrix multiplication with
the array of frames:

Rm) _ % 70w pe) T (31)

where X7 denotes the transpose.of X.

A is computed slightly/differently. We define I;m)
as (™) with the last framef(i.e. column) removed. Simi-
larly, we define Iém) as [pwithithe first frame (column)

removed. Ifm) and Iém) are both N2 x (M — 1) arrays.
Now, the accidental coincidence matrix is computed as

e (I{ e ) (32)

A(m) —
The two terms are the covariance matrix of a given frame
with the next frame, and a given frame with the previous
frame. For N'3.V pixel frames, G is actually an N x
N x N x N element 4-d array. However, this processing
gives, G? in an’N? x N? form, where each column/row
corresponds to a 2-d conditional probability distribution
that has been unwrapped into a 1-d column/row vector.

This processing is done in parallel to the acquisition
of the next block of frames. For an EMCCD camera,
the processing is faster than the acquisition, so the cam-
era speed is still the limiting factor. See Ref. [39] for a
template MATLAB script to perform the acquisition and
processing. At the end of the processing we typically save
R, A, and the relevant projection. The intensity images
taken from the camera are all discarded as they are pro-
cessed. Therefore, we also typically save a total intensity
image that is simply the sum of all of the frames that
have been acquired.

D. Alignment

Aligning a photon pair-based imaging experiment can
be difficult since the power of the down-converted light
is on the order of tens of picowatts, making it invisible
to the eye, and most cameras. In addition to this, it is
essential to optimise the correlation width of the pairs,
otherwise signal-to-noise will be prohibitively low. This
is very sensitive to lens misalignment, meaning rougher
alignment methods that may work in classical imaging
systems such as simply positioning lenses with a ruler,
will not be sufficient.

In this section we will briefly describe the alignment
process. Due to the low flux, it is impractical to align
the system directly with the SPDC light. Instead, it is
easier to use a bright, spatially coherent source at the
same wavelength as the pairs, e.g. a laser. Here, we
use a superluminescent diode (SLED) that is spatially
coherent, and has a spectrum of ~ 800 — 820 nm. The
same bandpass filter as the one used to filter photon pairs
is used to select the desired wavelength at 810 nm from
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this range.

If this alignment beam is co-aligned with the SPDC
pump laser, then co-propagating photon pairs will fol-
low the same general trajectory, and so it can be used
to align the optics after the nonlinear crystal. The lens
directly after the crystal should be relatively short - i.e.
have a sufficiently high NA - to ensure all of the high-
wavevector photons are collected. The position of this
lens is critical, so mounting it on a translation stage for
fine control is recommended. The position of the crystal
itself is also key, so it is recommended that the crystal
also be mounted on a stage. In general, the lenses should
be placed starting from the camera, and working back-
wards, finishing with the short lens after the crystal. For
a full description of the alignment process, see SM.

E. Calibrating the SLM

An SLM is an array of liquid crystal pixels whose bire-
fringence is controlled by an applied voltage. Effectively,
it is a display on which grayscale images can be show.
The grayscale value at each pixel determines the voltage
applied across the pixel, and therefore controls its bire-
fringence. This variation in birefringence across the SLM
imparts a spatially dependent phase to light that is inci-
dent on it. Ideally, the imparted phase will be a linear
function of pixel value, with grayscale value of 0 giving
0 phase shift, and 255 giving 2. In practise, this is not
generally the case. The imparted phase is wavelength-
dependent, so a grayscale range of 0-255 could, corre-
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spond to a phase range of more or less than 0-27. The
response may also be non-linear. To aceount for nonlin-
earity, we calibrate the pixel response via the decorrela-
tion of a reference speckle as a function of pixel grayscale
value. Note that there are plenty of other methods to cal-
ibrate an SLM, such as the more common one described
in Ref. [55]. The one we deseribe here has.the advantage
of being less sensitive to alignment, errors.

Two things are needed for this methed: a spatially co-
herent source of illumination at the desired wavelength
(e.g. a SLED), and a scatteringmedium. The coherent
light must be (roughly) collimated at the SLM, and illu-
minate a sufficiently large region, The scattering medium
can be anything that produces a speckle pattern. A
thin piece of semi—transpar\ent plastic e.g. from a plastic
sleeve, or a layer of parafilm stretched across a micro-
cope slide works»well. . By placing the scatterer in the
beam path, we measure a reference speckle at the cam-
era. Then, by randomily selecting approximately half of
the SLMspixelsrand/scanning their grayscale value from
0 to 255, theyresulting speckle images will be changed
relative to the reference as a function of the actual phase
imparted.. One can demonstrate that the value of spa-
tial correlation (corr2 function of Matlab) between this
speckle and the reference speckle varies like the cosine of
the global phase between the two speckles. With this in-
formation, a calibration curve can be found to determine
the correct relationship between SLM gray scale values
and, optical phase values. For a full description of the
calibration process, see SM. Example code and data can
be found in [39].
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